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Soft tissuesA phenomenological model is proposed for characterizing rate-independent hysteresis exhibited by pre-
conditioned soft tissues. The preconditioned tissue is modeled as an isotropic composite of a hyperelastic
component and a dissipative (inelastic) component. Speciﬁcally, the constitutive equations are hyperelas-
tic in the sense that the stress is determined by derivatives of a strain energy function. Inelasticity of the
dissipative component is controlled by a yield function with different functional forms for the hardening
variable during deformation loading and unloading. The constitutive equations proposed in this paper are
simple. In particular, they depend on only seven material constants: three controlling the response of the
elastic component and the remainder controlling the response of the dissipative component. More impor-
tantly, the material constants can be determined to match rather general loading and unloading behavior.
It is observed that the hysteretic response of the model compares well with experimental data for passive
uniaxial loading/unloading of Manduca muscle. Moreover, the present model treats partial loading and
reloading of preconditioned tissue as elastic–plastic response, which is different from the treatment of
pseudo-elastic models used in the literature.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Most biological soft tissues are inhomogeneous, nearly incom-
pressible materials that exhibit nonlinear inelastic (viscoelastic/
viscoplastic) response. Many of these soft tissues are reinforced by
ﬁber families which generally consist of collagen and elastin. The
material orientation of these ﬁbers alongwith the ﬁber constituents
play a dominant role in determining the anisotropic mechanical
properties of the tissue. Phenomenological models which include
speciﬁc ﬁber orientations have been considered in Holzapfel
(2001) and Rubin and Bodner (2002). However, for some applica-
tions, it is sufﬁcient to model these tissues as isotropic materials.
In general, the material response of the tissue is rate-dependent
and inelastic. More speciﬁcally, cyclic loading of tissues at constant
strain rate between ﬁxed stress or strain limits typically exhibits
time-dependent inelastic hysteresis loops that shift with each
cycle towards a steady-state hysteresis loop. As an example,
Fig. 1. shows the steady-state hysteresis loop for passive cyclic uni-
axial stress loading of a Manduca muscle (Dorfmann et al., 2008).
Fung et al. (1972, 1993) observed that this steady-state hyster-
esis loop is relatively insensitive to the magnitude of the constant
strain rate over more than two orders of magnitude of strain rate.This steady-state hysteresis loop characterizes the state of the
material which is referred to here as preconditioned. The transi-
tional process towards this preconditioned state is referred to here
as preconditioning. Moreover, it is noted that the hysteresis loops
of the preconditioned tissue depend on the magnitudes of strain
or stress deﬁning the limits of the cycles.
Several researchers have experimentally observed this insensi-
tivity of the response of the preconditioned soft tissues to strain
rate. Speciﬁcally, the effect was observed for biaxial stretching of
rabbit skin in Lanir and Fung (1974a,b) and for excised skin in
Pereira et al. (1991). Zheng et al. (1999) found that the effective
Young’s modulus of limb soft tissue was fairly rate insensitive
and Vogel (1972) reported that the strain to failure of rat skin
was also rate independent.
Often, the hysteresis loop of the preconditioned tissue is
ignored and the tissue is modeled as being a hyperelastic material.
Since a hyperelastic material exhibits a single loading/unloading
curve it is necessary to decide whether the loading curve, the
unloading curve or some average of the two curves in the actual
preconditioned hysteresis loop will be used to calibrate the strain
energy function for the approximate hyperelastic model. For exam-
ple, Hendriks et al. (2004, 2006) used a Mooney–Rivlin model for
human skin and Shergold and Fleck (2005) and Shergold et al.
(2006) used the Ogden model for human skin and pig skin,
respectively.
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Fig. 1. Comparison of the theoretical model proposed here (Theory) and the
experimental data (Exp.) in Dorfmann et al. (2008) for cyclic uniaxial stress loading/
unloading of a Manduca muscle.
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loop of a preconditioned tissue was proposed by Fung et al.
(1972) and Fung (1993), who suggested that the tissue can be
modeled by two hyperelastic materials: one characterizing the
loading curve and the other characterizing the unloading curve.
This material response is called pseudo-elasticity. In particular, a
single strain energy function is used with different material con-
stants for the loading and unloading curves.
Within the context of pseudo-elastic models, it is noted that
Tong and Fung (1976) developed a strain energy function for mod-
eling the response to biaxial stretching of rabbit skin observed in
the experiments in Lanir and Fung (1974a,b). This model had a
number of material parameters which were difﬁcult to determine
from experimental data and it was found to be too sensitive to
changes in the bounds of the biaxial loading. Yin et al. (1986) mod-
iﬁed the pseudo-elastic strain energy function in this model to
reduce the number of material constants to a nearly ‘‘minimum’’
set needed to match experimental data. Further modiﬁcation of
this pseudo-elastic energy function can be found in Chaudhrya
et al. (1998) and Gambarotta et al. (2005).
Dorfmann et al. (2007, 2008) and Paetsch et al. (2012) exploited
the isotropic pseudo-elastic model developed by Ogden and
Roxburgh (1999) to characterize the passive response of muscle
tissue. In this model, the strain energy function is taken in the form
W ¼ WðF;gÞ, where F is the deformation gradient tensor. The addi-
tional variable g is inactive (remains constant) during loading and
is a speciﬁed function g ¼ gðFÞ during unloading. The functional
form for g is discussed in Ogden and Roxburgh (1999), Dorfmann
and Ogden (2003, 2004), Dorfmann et al. (2007) and Paetsch
et al. (2012). In particular, the model in Dorfmann and Ogden
(2003) is proposed for loading, partial or complete unloading and
subsequent reloading and unloading. However, the notion of load-
ing/unloading in this model is unclear and the determination of g
for general loading situations is complicated.
A single loading/unloading curve associated with the Mullins
effect (Mullins, 1969; Diani et al., 2009) looks identical to that
for a preconditioned tissue. In fact, the strain energy function used
to model the Mullins effect has the same form W ¼ WðF;gÞ. How-
ever, for the Mullins effect g is used to characterize damage that
only occurs when loading is applied beyond the previous maxi-
mum point of loading. Therefore, for the Mullins effect unloading
and reloading occur on the same curve with no hysteresis until
the material is further damaged. In contrast, unloading and reload-
ing of a preconditioned tissue occur on different curves with hys-
teresis always being present.
Viscoelastic (Sverdlik and Lanir, 2002) and elastic-viscoplastic
(Rubin and Bodner, 2002; Mazza et al., 2005) constitutive equa-
tions have been developed which can model the time dependentresponse of tissues and the process of preconditioning. However,
there is still a need for a simple model that characterizes dissipa-
tion of the hysteresis loop of a preconditioned tissue. Conse-
quently, the objective of this work is to develop simple isotropic
constitutive equations for large deformations of preconditioned
biological soft tissues which exhibit rate-independent hysteresis
curves and which are valid for general loading histories. In contrast
with the standard pseudo-elastic formulation, here the precondi-
tioned tissue is modeled as a composite of a hyperelastic compo-
nent and a dissipative component. Speciﬁcally, the dissipative
component is modeled as a rate-independent elastic–plastic mate-
rial using a yield function, which depends on the elastic distor-
tional deformation of the inelastic component and on a
hardening variable. Furthermore, in contrast with the standard
uniaxial stress response of metals for cyclic loading, the axial stress
in a preconditioned tissue does not change sign during unloading
until the axial strain changes sign. To account for this fact, the
hardening variable is taken to be a function of the total distortional
deformation which vanishes in the unstressed reference state of
the tissue. Also, different functional forms for the hardening vari-
able are proposed for deformation loading and unloading, which
allow for easy modeling of the hysteresis loop exhibited by precon-
ditioned tissues.
2. Basic equations of the preconditioned tissue
This section brieﬂy reviews constitutive equations for a nonlin-
ear isotropic elastic material and provides background for the
developments in the following sections. To this end, it is recalled
that a material point X in the ﬁxed reference conﬁguration moves
to the point x in the present conﬁguration at time t, with the defor-
mation gradient F and the dilatation J deﬁned by
F ¼ @x=@X; J ¼ detðFÞ > 0 ð1Þ
Also, the velocity v of a material point, the velocity gradient L and
the rate of deformation tensor D are deﬁned by
v ¼ _x; L ¼ @v=@x; D ¼ 1
2
Lþ LT
 
ð2Þ
where the superposed dot denotes material time differentiation
holding X ﬁxed.
It can be shown that F and J satisfy the evolution equations
_F ¼ LF; _J ¼ J D  Ið Þ ð3Þ
where I is the second order unity tensor and A  B ¼ tr ABT
 
denotes the inner product between two second order tensors fA;Bg.
The preconditioned tissue is considered to be a composite of an
elastic component and a dissipative component. In particular, the
speciﬁc (per unit mass) strain energy R of the tissue is modeled
as a sum of the speciﬁc strain energy Re of the elastic component
and the speciﬁc strain energy Rd of the dissipative component
R ¼ Re þ Rd ð4Þ
Moreover, the total Cauchy stress T in this model separates addi-
tively into two parts
T ¼ Te þ Td ð5Þ
where Te is the stress in the elastic component and Td is the stress
in the dissipative component. Within the context of the purely
mechanical theory, the rate of material dissipation is given by
D ¼ T  D q _RP 0 ð6Þ
where the conservation of mass relates the mass density q0 in the
reference conﬁguration to the mass density q in the present
conﬁguration
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Since the elastic component is non-dissipative, it follows that
Te  D ¼ q _Re ð8Þ
so material dissipation is due solely to the dissipative component
D ¼ Td  D q _Rd P 0 ð9Þ3. Constitutive equations for the elastic component
Constitutive equations for elastically isotropic materials are
well known and are recorded here brieﬂy for completeness. Specif-
ically, it is convenient to use the work of Flory (1961) to deﬁne a
unimodular tensor B0 and its two invariants fb1; b2g by
B ¼ FFT ; B0 ¼ J2=3B; detðB0Þ ¼ 1; b1 ¼ B0  I; b2 ¼ B0  B0
ð10Þ
where fB0;b1;b2g satisfy the evolution equations
_B0 ¼ LB0 þB0LT  2
3
D  Ið ÞB0; _b1 ¼ 4g00 D; g00 ¼ 12 B
0 1
3
B0  I I 
_b2 ¼ 4 B02 13 B
02  I
 
I
 
D ð11Þ
with g00 being a deviatoric distortional strain tensor. Moreover, the
strain energy Re per unit mass is taken in the form
Re ¼ ReðJ; b1; b2Þ ð12Þ
With the help of (8), (11) and (12) it follows that the constitutive
equation for the elastic part Te of the Cauchy stress is given by
Te ¼ p I þ T 0e; p ¼ q0
@Re
@J
;
T 0e ¼ 4J1q0
@Re
@b1
g00 þ 4J1q0
@Re
@b2
B0 2  1
3
B0 2  I
 
I
 
ð13Þ
where p is the pressure. Moreover, the functional form of Re is
restricted so that this stress vanishes in the reference conﬁguration
Te ¼ 0 for J ¼ 1; B0 ¼ I ð14Þ
As a special case, Re is speciﬁed in the form
q0Re ¼ Kf ðJÞ þ
le
2
b1  3ð Þ þ
be
ne þ 1 b1  3ð Þ
neþ1
 
;
le > 0; be > 0; ne > 0 ð15Þ
where K is a constant having the units of stress that controls the
bulk modulus, f ðJÞ is a function to be speciﬁed which satisﬁes the
restrictions
f ð1Þ ¼ 0; df
dJ
ð1Þ ¼ 0; d
2f
dJ2
ð1Þ ¼ 1 ð16Þ
le is a positive constant having the units of stress, ne is a positive
constant and be is a non-negative constant which vanishes for the
simplest Neo-Hookean model. Then, the elastic Cauchy stress Te
associated with (15) is given by
Te ¼ p I þ T 0e; p ¼ K
df
dJ
; T 0e ¼ 2J1le 1þ be b1  3ð Þne
 	
g00
ð17Þ4. Constitutive equations for the dissipative component
Following the work in Eckart (1948), Leonov (1976) and Rubin
and Attia (1996) the response of the dissipative component inthe model is characterized by an elastic unimodular distortional
deformation tensor B0e, which satisﬁes the evolution equation
_B0e ¼ LB0e þ B0eLT 
2
3
D  Ið ÞB0e  CAp ð18Þ
where C controls the magnitude of the rate of inelasticity and Ap
controls its direction
Ap ¼ B0e 
3
B0 1e  I
 !
I ð19Þ
Since B0e is a unimodular tensor, it has two non-trivial scalar
invariants
a1 ¼ B0e  I; a2 ¼ B0e  B0e ð20Þ
which satisfy the evolution equations
_a1 ¼ 4g00e  D CAp  I; g00e ¼
1
2
B0e 
1
3
B0e  I
 
I
 
_a2 ¼ 4 B0 2e 
1
3
B0 2e  I
 
I
 
 D 2CAp  B0e ð21Þ
with g00e being a deviatoric elastic-distortional strain tensor associ-
ated with the dissipative component.
As a special case, Rd is speciﬁed by
q0Rd ¼
ld
2 nd þ 1ð Þ a1  3ð Þ
ndþ1; ld > 0; nd P 0 ð22Þ
where ld is a positive constant having the units of stress and nd is a
non-negative constant which vanishes for the simplest Neo-Hook-
ean model. Furthermore, the dissipative part Td of the Cauchy
stress, associated with (22), is given by the deviatoric tensor T 0d
Td ¼ T 0d ¼ 2J1ld a1  3ð Þndg00e ð23Þ
With the help of (21)–(23) it follows that the rate of dissipation (9)
reduces to
D ¼ 1
2
J1ld a1  3ð ÞndCAp  I P 0 ð24Þ
Using the fact that B0e is unimodular, it can be shown that Ap  I
 
is
non-negative, so (24) requires C to also be non-negative
CP 0 ð25Þ
For later convenience, the scalar measures fc; ceg of total and elastic
distortional deformation are deﬁned, respectively, by
c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
g00  g00
r
; ce ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
g00e  g00e
r
ð26Þ
which satisfy the evolution equations
_c ¼ 3
2c
g00B0
   D 2
3
D  Ið Þc
_ce ¼ c^e  Cce; c^e ¼
3
2ce
g00eB
0
e
   D 2
3
D  Ið Þce ð27Þ
Moreover, combining the responses (17) and (23), it follows that the
deviatoric part T 0 of the total Cauchy stress is given by
T 0 ¼ 2J1le 1þ be b1  3ð Þne
 	
g00 þ 2J1ld a1  3ð Þndg00e ð28Þ
which for small deformations from the stress-free reference conﬁg-
uration fJ ¼ 1; b1 ¼ a1 ¼ 3g yields the approximations
T 0  2le g00 for nd > 0; T 0  2le g00 þ 2ld g00e for nd ¼ 0
ð29Þ
This shows that the constants fle;ldg control the resistance of the
elastic and dissipative components, respectively, to distortion from
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ean model of the dissipative component.
5. A simple yield function for the dissipative component
The inelastic response of the dissipative component is charac-
terized by a yield function of the form
g ¼ ce  j  0 ð30Þ
with elastic response for g < 0. Here, the yield strength j and an
additional history dependent variable cL are deﬁned by
j ¼ jLðcÞ for _c  0; j ¼ jULðc; cLÞ for _c < 0;
cL ¼ c for f _c  0; g ¼ 0; g^ > 0g; _cL ¼ 0 otherwise ð31Þ
where fjLðcÞ;jULðc; cLÞg are the hardening functions during loading
and unloading, respectively, that need to be speciﬁed and g^ is an
auxiliary quantity which is speciﬁed later by (32). Moreover, in this
model the variable cL merely records the value of c during deforma-
tion loading ð _cP 0Þ. Alternatively, if during reloading the data does
not indicate that the response returns to the original loading curve,
then it might be better to propose a more complicated evolution
equation for cL.
In order to determine the function C for this rate-independent
model it is convenient to deﬁne the auxiliary quantity g^, such that
g^ ¼ c^e  @j
@c
_c; _g ¼ g^  Cce ð32Þ
where c^e is given by (27). Then, C is determined by the consistency
condition
C ¼ g^
ce
for g ¼ 0 and g^ > 0;
C ¼ 0 for all other cases ð33Þ
which ensures that C satisﬁes the restriction (25). Furthermore, in
this model it is important to distinguish between deformation load-
ing conditions deﬁned by
Deformation :
loading ; _c > 0
neutral loading ; _c ¼ 0
unloading ; _c < 0
8><
>: ð34Þ
and inelastic loading conditions deﬁned by
Inelastic ðg ¼ 0Þ :
loading ; g^ > 0
neutral loading ; g^ ¼ 0
unloading ; g^ < 0
8><
>: ð35Þ
Also, it is noted that the material response is elastic when g < 0 or
g ¼ 0 with neutral loading or unloading.
As special cases, the functional forms for jL and jUL are speci-
ﬁed by
jLðcÞ ¼ jscjs þ c ;
djL
dc
¼ j
2
s
js þ cð Þ2
; js > 0
jULðc;cLÞ ¼
js
js þ cL
cL þm c cLð Þh i;
@jUL
@c
¼ mjs
js þ cL
; m> 1 ð36Þ
where js is the saturated value of jL and m controls the value of c
when jUL vanishes
jUL ¼ 0 for c 6 m 1ð ÞcLm ð37Þ
Notice from (26) and (28) that the effect of the dissipative compo-
nent vanishes when ce vanishes (with g00 ¼ 0). Thus, the functional
form (36) for jUL together with the yield function g in (30) cause the
effect of the dissipative component to vanish during unloadingwhen jUL vanishes. This is consistent with the response of many
preconditioned tissues.
6. Examples
For the examples considered in this section, the material is
taken to be incompressible (J ¼ 1) so that f ðJÞ in (15) vanishes.
Then, with the help of (15) and (22) the strain energy function R
in (4) is speciﬁed by
q0R ¼
le
2
b1  3ð Þ þ
be
ne þ 1 b1  3ð Þ
neþ1
 
þ ld
2 nd þ 1ð Þ a1  3ð Þ
ndþ1
ð38Þ
Furthermore, using (5) and (28) the Cauchy stress is given by
T ¼ p I þ T 0; T 0 ¼ 2le 1þ be b1  3ð Þne
 	
g00 þ 2ld a1  3ð Þndg00e
ð39Þ
where the pressure p is an arbitrary function of space and time that
is determined by the equations of motion and boundary conditions.
This constitutive equation for stress and the functional forms (36)
for fjL;jULg are characterized by seven material constants
fle; be;neg; fld;ndg; fjs;mg ð40Þ
with fle; be;neg determining the stress response of the elastic com-
ponent, fld;ndg determining the stress response of the dissipative
component and fjs;mg determining the hardening functions
fjL;jULg.
It is noted that the robust, strongly objective numerical integra-
tion algorithm developed by Rubin and Papes (2011) and
Hollenstein et al. (2013) can be used to obtain the value B0eðt2Þ of
B0e at the end of a time step deﬁned by t 2 ½t1; t2, assuming that the
value B0eðt1Þ of B0e at the beginning of the time step is known. Also,
it is assumed that the tissue is stress-free in its reference conﬁgura-
tion so that the initial condition for B0e is speciﬁed by B
0
eð0Þ ¼ I,
although in some situations the tissue is actually internally loaded
by residual stresses as discussed in (e.g. Chuong and Fung, 1986).
6.1. Uniaxial stress
In this subsection, the response of the proposed model is exam-
ined for uniaxial stress. Speciﬁcally, with reference to a ﬁxed rect-
angular Cartesian coordinate system with base vectors ei
ði ¼ 1;2;3Þ, the deformation gradient F and the elastic distortional
deformation B0e can be expressed in the forms
F ¼ k e1  e1ð Þ þ 1ﬃﬃﬃ
k
p e2  e2 þ e3  e3ð Þ
B0e ¼ a2e e1  e1ð Þ þ
1
ae
e2  e2 þ e3  e3ð Þ ð41Þ
where k is the speciﬁed axial stretch in the e1 direction, ae is a non-
negative scalar to be determined by the evolution equation for B0e
and a b denotes the tensor product between two vectors fa;bg.
Also, with the help of (10), (20) and (26) it follows that
b1 ¼ k2 þ
2
k
; c ¼ k
3  1 
2k
; a1 ¼ a2e þ
2
ae
; ce ¼
a3e  1
 
2ae
ð42Þ
Moreover, for uniaxial stress the lateral component of T vanishes, so
with the help of (39) the pressure p can be determined by the
condition
T  e2  e2ð Þ ¼ p 13 le 1þ be b1  3ð Þ
ne
 	
k2  1
k
 
 1
3
ld a1  3ð Þnd a2e 
1
ae
 
¼ 0 ð43Þ
λΠ
Fig. 2. Procedure for determining the material constants from experimental data
for cyclic uniaxial stress loading.
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which is the engineering axial stress, is given by
P ¼ JTFT  e1  e1ð Þ ¼ Pe þPd;
Pe ¼ le 1þ be k2 þ
2
k
 3
 ne 
k 1
k2
 
;
Pd ¼ ld a2e þ
2
ae
 3
 nd
a2e 
1
ae
 
1
k
ð44Þ
where fPe;Pdg are the axial engineering stresses of the elastic and
dissipative components, respectively.
Fig. 2 shows a typical steady-state hysteretic response of a pre-
conditioned tissue for cyclic uniaxial stress loading. The tissue is
loaded (AB) and then unloaded (BCDEFA). For the proposed model,
the portion (CDEFA) of the unloading curve is purely elastic and is
used to determine the values of le; be; ne
 
characterizing the elas-
tic component. Moreover, the values of ld;nd
 
characterizing the
elastic response of the dissipative component and jsf g character-
izing the hardening function jL during loading are determined
from the initial portion (BC) of the unloading curve. In this regard,
the determination of the transition point C from the experimental
data is somewhat subjective. Also, the value of mf g is determined
so that the hardening function jUL during unloading vanishes at
the point C. As an example, the optimum values of the material
constants for this model, which were obtained using this proce-
dure with the experimental data for the passive response of a
Manduca muscle (Dorfmann et al., 2008), are recorded in Table 1
and generate the excellent agreement with the experiment shown
in Fig. 1. The simulation of this experimental data using the
optimum material parameters in Table 1 is denoted by (Opt.) in
the following ﬁgures.
Since the model is fully nonlinear, the values of the material
constants obtained by the above procedure are not uniquely
deﬁned. In order to help determine values of the material constants
for speciﬁc experimental data, it is convenient to understand the
inﬂuence of each of the material constants on the uniaxial stress
response. This is explored using the Cases 1–10 deﬁned in Table 2.
Speciﬁcally, for Cases 1–8 only one material constant is changed
relative to the optimum values in Table 1. On the other hand, for
Cases 9 and 10 the values of ld;nd;js
 
are coupled by theTable 1
Optimum values of the material parameters calibrated to match the experimental
data for passive cyclic uniaxial stress loading of a Manduca muscle in Dorfmann et al.
(2008).
le ½kPa be ne ld ½MPa nd js m
24.691 51.589 0.81868 0.58944 0.18 0.082305 4.1conditions that the model reproduces the experimental values at
the points B and C in Fig. 2, with point C being determined by
the elastic component only. Consequently, for these Cases all three
material constants ld;nd;js
 
change when the value of ld
 
is
speciﬁed.
6.1.1. Cases 1 and 2: m ¼ 1:0; 50:0f g
It is noted that the derivative of jUL with respect to c is discon-
tinuous during unloading when jUL vanishes, so there is always a
discontinuity in the slope of the stress-stretch curve of the model
at this transition point. A mild slope change can be seen in Fig. 2
near the point C. Moreover, (37) indicates that the location of this
transition point is controlled by the value of mf g.
Fig. 3 shows the optimum response (Opt.) predicted using the
constants in Table 1 together with the predictions for Cases 1
and 2, which examine the inﬂuence of mf g on the response. Specif-
ically, it can be seen from Fig. 3(a) that for small values of mf g the
value of Pd associated with the dissipative component can change
sign during unloading causing an unphysical shape of the stress-
stretch curve. From (32) and (36) it can be observed that for very
large values of mf g inelastic loading will occur at the onset of total
deformation unloading from the point B in Fig. 2. This causes a
steep slope of the unloading curve and a pronounced discontinuity
of slope at the transition point where jUL and Pd vanish (see
Fig. 3(b)).
6.1.2. Cases 3 and 4: le ¼ 8:0; 50:0f g ½kPa
Fig. 4 shows the optimum response (Opt.) together with the
predictions for Cases 3 and 4 which examine the inﬂuence of
le
 
on the response Pe of the elastic component. It can be seen
that le
 
controls the initial slope of the unloading portion of
the stress-stretch curve, which is determined by the elastic
component.
6.1.3. Cases 5 and 6: be ¼ 10:0; 100:0f g
Fig. 5 shows the optimum response (Opt.) together with the
predictions for Cases 5 and 6 which examine the inﬂuence of
bef g on the response Pe of the elastic component. It can be seen
that bef g controls the magnitude of the nonlinearity of the
unloading portion of the stress-stretch curve which is determined
by the elastic component. Also, notice that the initial slope of this
unloading portion of the stress-stretch curve is unaffected by
changes in bef g.
6.1.4. Cases 7 and 8: ne ¼ 0:15; 2:0f g
Fig. 6 shows the optimum response (Opt.) together with the
predictions for Cases 7 and 8 which examine the inﬂuence of
nef g on the response Pe of the elastic component. It can be seen
that ne controls the shape of the nonlinearity of the unloading por-
tion of the stress-stretch curve which is determined by the elastic
component.
6.1.5. Cases 9 and 10: ld ¼ 0:2; 92:0f gMPa½ 
Fig. 7 shows the optimum response (Opt.) together with the
predictions for Cases 9 and 10, which examine the inﬂuence of
ld
 
on the response. As noted earlier, the parameters
ld;nd;js
 
are coupled by the conditions that the model
reproduces the points B and C on the experimental curve (see
Fig. 2). Therefore, although the value of ld
 
has been speciﬁed
in Cases 9 and 10, the values of nd;jsf g have been modiﬁed accord-
ingly. Also, it was found that the value of ld
 
for a solution with
positive values of nd;jsf g has a minimum value near that for Case 9
and has a maximum value near that for Case 10. The results in
Fig. 7 show that Case 9 predicts much more hysteresis than
predicted by Case 10.
Table 2
Deﬁnition of Cases 1–10: the material parameters which are modiﬁed relative to the optimum values in Table 1 are denoted by a star (⁄).
Case le ½kPa be ne ld ½MPa nd js m
1 24.691 51.589 0.81868 0.58944 0.18 0.082305 1.0⁄
2 24.691 51.589 0.81868 0.58944 0.18 0.082305 50.0⁄
3 8.0⁄ 51.589 0.81868 – – – –
4 50.0⁄ 51.589 0.81868 – – – –
5 24.691 10.0⁄ 0.81868 – – – –
6 24.691 100.0⁄ 0.81868 – – – –
7 24.691 51.589 0.5⁄ – – – –
8 24.691 51.589 2.0⁄ – – – –
9 24.691 51.589 0.81868 0.28⁄ 0.0054830⁄ 0.066097⁄ 4.1
10 24.691 51.589 0.81868 92.0⁄ 2.6079⁄ 1.3454⁄ 4.1
λ λ
Π
Π Π
Π
Fig. 3. Case 1 (a) and Case 2 (b): inﬂuence of the parameter mf g on the unloading response of the stress Pd in the dissipative component.
λ
Π
Fig. 4. Cases 3 and 4: inﬂuence of the parameter le
 
on the response Pe of the
elastic component.
λ
Π
Fig. 5. Cases 5 and 6: inﬂuence of the parameter bef g on the response Pe of the
elastic component.
λ
Π
Fig. 6. Cases 7 and 8: inﬂuence of the parameter nef g on the response Pe of the
elastic component.
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loading
For the remaining examples in this paper, attention is limited to
the material response determined by the material constants in
Table 1. These examples explore the response of the model to more
general loadings for which experimental data is not available.
6.2.1. Partial unloading with reloading
Fig. 8 shows the response predicted for loading from a stress-
free state at point A ðk ¼ 1Þ to point B ðk ¼ 1:2Þ; partial unloading
to point C ðk ¼ 1:1Þ; reloading (CDBE) to point E ðk ¼ 1:25Þ;
followed by unloading to point F ðk ¼ 1:2Þ. It is noted that the non-
linearity of the elastic loading curve (CD) is due to both the elastic
and inelastic components. Also, notice that the portion (DB) of the
loading curve (CDBE) coincides with the loading curve (ADB). In
λ λ
Π Π
Fig. 7. Case 9 (a) and Case 10 (b): inﬂuence of the parameter ld
 
and the associated changes in nd;jsf g on the response.
λ
Π
Fig. 8. Partial unloading with reloading using the material parameters listed in
Table 1.
λ
Π
Fig. 9. Cyclic loading using the material parameters listed in Table 1.
γ
Π
Fig. 10. Cyclic simple shear loading using the material parameters listed in Table 1.
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causes ce ¼ jLðcÞ so that reloading of a partially loaded state
follows the same primary loading curve [like (ADBE) in Fig. 8] after
an initial elastic response.
The response shown in Fig. 8 should be contrasted with the
response of standard models of rubber materials that experience
the Mullins effect (Ogden and Roxburgh, 1999; Dorfmann and
Ogden, 2003). Within the context of a model of the Mullins effect
the curve (ADBE) in Fig. 8 is called the primary loading curve. Dur-
ing loading the material damages which tends to weaken the
unloading response, causing unloading to follow a curve like (BC)
in Fig. 8. However, the unloading curve in a model for the Mullins
effect remains elastic until further damage occurs. This means that
reloading from the point C in Fig. 8 would retrace the curve (CB)
until the point B where damage again evolves and the response fol-
lows the primary loading curve. In contrast, it can be seen in Fig. 8
that for the model proposed here for preconditioned materials,
loading from the point C follows the elastic curve (CD) until point
D when the loading continues on the primary loading curve
(ADBE).
6.2.2. Cyclic loading
Fig. 9 shows cyclic loading from point A ðk ¼ 1:0Þ to point B
ðk ¼ 1:2Þ, followed by unloading (BCD) to point D ðk ¼ 0:8Þ and
reloading (CAB) to point B ðk ¼ 1:2Þ. Notice that the portion of
the reloading curve for k > 1 is the same as that of the loading
curve from A to B.
6.3. Simple shear
Examining the response to large deformation simple shear has
become a common test of nonlinear constitutive equations. Forsimple shear, the deformation gradient F and the dilatation J can
be expressed in the forms
F ¼ I þ c12 e1  e2ð Þ; J ¼ 1 ð45Þ
where the engineering shear strain c12 has a piecewise constant rate
during loading, unloading and reloading. Moreover, the shearing
component P12 of the ﬁrst Piola–Kirchhoff stress is given by
P12 ¼ JTFT  e1  e2ð Þ ð46Þ
Fig. 10 shows the response to loading from point A ðc12 ¼ 0Þ to
point B ðc12 ¼ 0:1Þ, followed by unloading (BCD) to point D
ðc12 ¼ 0:1Þ with reloading (DCB) to point B.
7. Conclusions
In the present paper a new simple constitutive model has been
developed for the rate-independent response of preconditioned
3272 M.M. Safadi, M.B. Rubin / International Journal of Solids and Structures 51 (2014) 3265–3272soft tissues undergoing large deformations. Speciﬁcally, the soft
tissue has been modeled as an isotropic composite of a nonlinear
hyperelastic component and another nonlinear rate-independent
dissipative component. Moreover, the dissipative component has
been modeled as an elastic–plastic material using a yield function
with a hardening variable. Speciﬁcally, a distinction has been made
between deformation loading/unloading which depends on the
rate of total distortional deformation c (34) and inelastic loading/
unloading (35). Moreover, different functional forms for the hard-
ening variable j have been proposed for deformation loading [jL in
(36)] and for deformation unloading [jUL in (36)]. In particular, the
value of jUL vanishes when c satisﬁes the condition (37), which
causes the magnitude of the axial stress Pd in the dissipative com-
ponent to vanish, keeping the lower portion (CDEFA) of the unload-
ing curve in Fig. 2 elastic. This response is typically observed for
preconditioned soft tissues.
Section 6.1 examines the character of the proposed constitutive
model for uniaxial stress. In particular, the material parameters
listed in Table 1 have been determined to obtain excellent agree-
ment with the experimental loading/unloading curves for the pas-
sive response of a preconditioned Manduca muscle tissue given in
Dorfmann et al. (2008) (see Fig. 1). Furthermore, the inﬂuence of
each of the material parameters has been studied in Sections
6.1.1–6.1.5 to help simplify the process of determining optimum
parameters for matching other experimental data.
Section 6.2 considers examples of uniaxial stress with deforma-
tion loading, partial unloading and reloading. In particular, the
response to partial unloading and reloading is contrasted with
the response of pseudo-elastic equations used to model the Mul-
lins effect. Also, the current model simpliﬁes the notions of load-
ing/unloading relative to those for the pseudo-elastic model of
the preconditioned tissue discussed in Dorfmann et al. (2008). Sec-
tion 6.3 shows that the response of the model for large deforma-
tion simple shear is physically reasonable.
In summary, the constitutive equations proposed in this paper
are simple. In particular, they depend on only seven material con-
stants (40): three controlling the response of the elastic component
(which are determined by the lower portion of the unloading
curve) and the remainder controlling the response of the dissipa-
tive component (which are determined by the initial portion of
the unloading curve). Moreover, the material constants can be
determined to match rather general loading and unloading behav-
ior. Also, it is possible to modify the proposed functional forms for
hardening during deformation loading jL and hardening during
deformation unloading jUL to better match more complicated
material response of preconditioned soft tissues. Furthermore,
the proposed strain energy for the dissipative component can be
added to the strain energy of anisotropic phenomenological mod-
els which include speciﬁc ﬁber orientations (e.g. Holzapfel, 2001;
Rubin and Bodner, 2002) without difﬁculty.
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